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5. OVERVIEW OF THE PROOF OF THEOREM 3.13 

The goal of this supplement is to prove the third WEI criterion, Theorem 3.13. We argue by 

contradiction: Assume that a certain self-similar scheme (1.2)-(1.4) satisfying Assumption 3.3 fails 

to converge. We need to show that there exists a sequence of numerical solutions {uk} of the scheme 

that harbors an ATES. This highly nontrivial task is fulfilled in three steps, which extend from ?6 

to ?8. First, in ?6 we develop a new technique, the extremum tracking. We introduce the notions of 

extremum paths and approximate extremum paths of a numerical solution of the aforementioned 

scheme. It turns out that a sequence of approximate extremum paths associated with a sequence 

of numerical solutions in w,w+,B is necessarily a sequence of { kI-paths, a building block of the 

ATES. Next, in ?7, we analyze the asymptotic waves of the sequences of numerical solutions in a 

nonempty W,W+,B. Roughly speaking, a wave of a numerical solution is the generic structure of 

the numerical solution between two ( approximate ) extrernum paths, and an asymptotic wave is a 

sequence of waves of a sequence of numerical solutions. Using similarity transforms and selecting 

subsequences, we show that there exists a sequence in Xw_,W+,B such that in a compact domain, 

the transition regions and the boundaries of all sufficiently strong asymptotic waves converge to 

x = st, which is the path of the discontinuity of the limit W of 'w_,w+,B. Hence, these asymptotic 

waves must be ATWs. We then split these ATWs into ATDs. Finally, in ?8, using Theorem 3.2 and 

Lemma 3.10, we complete the proof of Theorem 3.13 by showing that if W is a traveling expansion 

shock, then one of the ATDs must be an ATES. 

6. EXTREMUM TRACKING 

In this section we introduce and analyze the notioiis of extremum paths and approximate 

extremum paths of a numerical solution u. Theses paths will serve as the boundaries of the 

transition regions of the waves of the numerical solution. 

WVe begin with the following simple observation: 

Lemma 6.1. If uZ is a uniformly bounded numerical solution of a scheme (1.2)-(1.4), then 

there are two positive constants C1 and C2 such that 

(6.1) 1 dt) < Ch and I 
d 

_ ) du(t')I < (C21h2)ltt _ t'. 
dt dt dt C/2I"-iI 
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